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Electron transport in a resonant-tunneling diode under the effect of a 
transverse magnetic field: A quantum theory in the W igner formalism 
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Department of Electrical Engineering, National Tsing-Hua University, Hsin-Chu, Taiwan 30043, 
Republic of China 
(Received 13 June 1991; accepted for publication 10 October 1991) 
We present a theoretical study of electron transport in the resonant-tunneling diode under 
the effects of an in-plane magnetic field. We work in the Wigner formalism. We 
generalize the formalism to include effects of an in-plane magnetic field. The transport 
equation is derived for the Wigner distribution function. We solve for the function, from which 
the charge distribution and the tunnel current are calculated. Discussions of magnetic 
effects on electron tunneling are presented. 
I. INTRODUCTION 
Recently a quantum theory of electron transport in the 
Wigner formalism has been developed for resonant-tunnel- 
ing diodes. l-3 In the theory, a transport equation for the 
Wigner distribution function is derived and solved. Trans- 
port quantities, such as particle densities and currents, are 
calculated from the distribution function. Different ap- 
proaches have been taken to derive the transport equation. 
In the approach of Buot,’ e.g., the nonequilibrium Green’s 
function technique is employed. One starts with the equa- 
tion of motion for the Ytxed-order” Green’s function 
G< (z,t;z’,t’). Based on the equation for G< an equation is 
derived for g(Z==(z+z’)/2,k,t) which is the Fourier 
transform Sd(z - z’)e - ik(a-z’)G< (z,t;z’,t> of the “same- 
time”function G<(z,t;z’,t). The function g is just the 
Wigner distribution function in statistical mechanics, and 
the derived equation is the quantum versfon of the classical 
Boltzmann transport equation. On the other hand, in the 
approach of Frensley,’ one starts directly with the Liou- 
ville equation of the one-body density matrix p(z,z’,t). By 
Fourier transforming the Liouville equation, the transport 
equation is obtained for, the Wigner function 
gG%t)[=Sd(z-z’)e -.ik(z-= )p(gz:t)]. 
The transport equation can be solved by numerical 
means. For example, one can generate finite-difference 
equations from the transport equation by discretizing the 
time-phase domain, and subsequently apply Gaussian elim- 
ination to solve them. The Wigner formalism along this 
line has been applied with success to resonant-tunneling 
diodes made of GaAs and A~.As’*~*~ and those made of 
InGaAs and InAlAs.” In contrast, earlier tunneling theo- 
ries using the WKB a 
T: 
proximation6 or transfer matrices7 
are under the criticism that they use bulk-like distribution 
far from the tunneling interface in place of the distribution 
of the electrons at each side of the tunneling interface. In 
those theories, failure to account for the difference between 
the two kinds of distribution leads to erroneous results, 
e.g., the overestimated peak-to-valley ratio. 
Although the Wigner formalism works very success- 
fully, it has just been extended to include magnetic 
effects.“’ Tunneling diodes under the action of an in-plane 
magnetic field have become an area of great interest in 
recent years. Both theoretical and experimental worksi”-” 
have rapidly accumulated in the area. In a transverse mag- 
netic field, electrons are forced to execute cyclotron motion 
while tunneling through the barriers in the plane perpen- 
dicular to the field. One may ask what would be the effect 
of a transverse magnetic field in the case of resonant tun- 
neling through a double-barrier structure. A particular 
topic, for instance, could concern the effect of an external 
magnetic field on the negative-differential-resistance fea- 
tures associated with the resonant tunneling in a resonant- 
tunneling diode. Roughly speaking, resonant tunneling oc- 
curs when the condition SweUkZdz=nr holds. In the 
presence of a magnetic field, the cyclotron motion modu- 
lates k, and affects the tunneling. 
In this paper, we generalize the Wigner formalism to 
include the effects of an in-plane magnetic field, and apply 
it to a resonant-tunneling diode made of GaAs and 
AlGaAs. The paper is organized as follows. In Sec. II, we 
present the theory of resonant tunneling under the effects 
of an in-plane magnetic field. In Sec. III, we present results 
of the Wigner distribution functions, charge distributions, 
and tunnel currents for various magnetic fields. In Sec. IV, 
we summarize our study. 
II. THEORETICAL MODEL 
We consider a heterostructure with growth direction 
along the z axis. The device active length is taken to be 1. 
The structure is connected to reservoirs at both sides, 
which are assumed2 to have properties analogous to those 
of a black body. The external magnetic field is taken to be 
along the x axis, B = (B,O,O). The field is assumed to be 
confined in between the two planes at z=a and z=b with 
a <b, but uniform otherwise. For the corresponding vector 
potential, we use a particular gauge in which 
(0, - Ba,Oh z<a 
A= (0, 
i 
-Bz,O), aczcb . (1) 
(0, -B&O), z>b 
This choice is most convenient for the present theory. The 
vector potential outside the magnetic field, although just a 
constant, has to be correctly included in the theory, be- 
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cause phases of the incident, the reflected, and the trans- 
mitted waves all depend on it. 
We consider electron transport in an n-type GaAs/ 
GaAlAs structure in particular. Only tunneling via a con- 
duction band has to be treated. We neglect spin-magnetic 
field interaction and write the Hamiltonian 
where the kernel of the potential operator is given by 
V(Z,k;k,) =2 
s 
a dcsin(kg)[u,(Z+iC) 
0 
(8) 
H=p2s + (5+ eAJ2 + e+ v(z) 
2m* (2) 
within the effective-mass approximation. Here, m* is the 
conduction band effective mass, being 0.067 in GaAs and 
0.15 in AlAs in units of free electron mass, and v(z) rep- 
resents the heterostructure potential profile including the 
effect of conduction band offset, which is taken to be 65% 
of band gap difference between GaAs and GaAlAs.‘* The 
Hamiltonian has translational symmetry in both x and y 
directions. Hence, wave vectors k, and ky serve as good 
quantum numbers which label the wave function of a tun- 
neling electron. While fik, is the mechanical momentum 
along the x axis, 2ik, is identified as the canonical momen- 
tum along the y axis. For the y component of the mechan- 
ical momentum, (fiky + eA,,) is to be used. 
We define the density matrix 
p(z,z’,r;kX,ky)= 2 wi(z’ji>(ijzh 
i 
(3) 
where 1 i) represents a complete set of states with quantum 
numbers k, and kp and Wi is a probability. The density 
matrix p(z,z’,t;k,,k,) satisfies the time-dependent Liouville 
equation 
ifi$ -$&&--g]p+ [v,(z> -zw>lP, (4) 
where vt includes the heterojunction band offset, the exter- 
nal electric potential, and magnetic effects: 
@$‘qZ> e2A2(z> 
Vt(Z> =v(z) + m* ____ + 2;* 
e+ik,A,(z> e2&) 
=voffset + v,xt(z) + m* - + 2m* ’ (5) 
where Py has been replaced with iiky 
From the density matrix, we define the Wigner distri- 
bution function f (Z,k,r;k,,k,,) by a Fourier transforma- 
tion: 
Z= (z +z’)/2 and g=z - z’. With this transformation, 
Eq. (4) then becomes 
&f (Z,k,t;k,,k,J = - $ &” (Z,k,t;k,,k,) 
1 
s 
dk’ 
-- 
fi 2a VW& 
- k’;kJf (Z,k’,t;k,k,J, (7) 
For boundary conditions to be used in association with Eq. 
(7), we assume* that the distribution of electrons emitted 
into the device from the reservoir is characterized by the 
thermal equilibrium distribution function of the reservoir, 
and use 
f(O,k,t;k,,k,)=fl(k,,k, - eBa/fi,k), k>O, 
(9) 
f ~4k,t;k,,k,J =f,Ck,,k, - e~P/fi,k), k<O, 
where f I and f, are equilibrium distribution functions of 
the left- and right-hand reservoirs, respectively. 
We integrate IQ. (7) and Eq. (9) with respect to k, 
and obtain the following boundary value problem: 
&g(Z,k,f;k,,) = - 2 -&g(Z,k,$k,) - f 
- dk 
J -iG 
x VG,k - k’,k,Jg(Zk’,t;k,J, 
gKbW,J = &x 2p fi(k,k, - eBa/fi,kJ, k>O, 
gW,t;k,J = s dkx 2rr f,(k,k,, - eBb/+i,k,), k<O, 
(10) 
with g= 1/2rSdk, f. 
In this paper, we concern ourselves only with steady- 
state properties and set ag/&=O. To solve Eq. ( 10) nu- 
merically, we replace the continuous domain of the prob- 
lem by a lattice of discrete points in phase space. Jg/aZ is 
approximated by a second-order difference expression: 
;zg(Z,W = 
Pg(Z,k) - 4dZ + E) + gZ + 2~1 
2E , 
k<O, 
;zdZ,k) = [$AZ,k) - 4g(Z - ~1 + g(Z - 2~) 1 - 2E , 
k>O, (11) 
where E is the Z mesh spacing, and finite-difference equa- 
tions are formed. We apply Gaussian elimination to the 
equations and solve for g. 
With g, we can calculate various quantities such as the 
particle density n(Z) = l/( 2rr)2SSdky dk g( Z,k;k,) and 
the tunnel current density j(Z) = -e/(2& 
xSSdk@k +ik/m*g(Z,k;ky). 
III. RESULTS 
We apply the theory of Sec. II to a resonant-tunneling 
diode GaA1/Ala3Gac7As/GaAs/Ala3Gae7As/GaAs. The 
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B= OT 
FIa. 1. Upper: The integrated Wigner distribution function G(Z,k) for 
the system at zero bias. The magnetic field is taken to be 20 T. The 
temperature is taken to be 300 K. Lower: For comparison, the Wigner 
function at zero magnetic field is also plotted. 
FIG. 2. The integrated Wigner function G(Z,k) for the system biased at 
0.3 V in a 20-T magnetic field. The temperature is taken to be 300 K. Also 
plotted is the quantity AG(Z,k)=[G(Z,R;B=20 T) - G(Z,k;B=O T)]. 
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FIG. 3. The electron density profiles along 
the 2 axis for the system biased at 0.3 V, 
for B = 0 T and B = 20 T, respectively. Be- 
tween the vertical lines is the well region. 
The temperature is taken to be 300 K. 
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FIG. 4. The electron density profiles along 
the Z axis for the system biased at 0.16 V, 
for B = 0 T and B = 20 T, respectively. Be- 
tween the vertical lines is the well region. 
The temperature is taken to be 300 K. \ 
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r: h 0.269 l/nm 
GaAs well is 4.5 nm wide. The Als,Gac7As layer is 2.8 nm 
wide. The doping level in both GaAs electrodes is 
2x 10’8/cm3. The device active length is 45.1 nm wide. 
The origin of 2 is chosen to be at the left boundary of the 
active region. The external electric field is taken to be uni- 
form throughout the device. The magnetic field is assumed 
to be present only in the double-barrier structure and van- 
ish outside in the electrodes in accord with most experi- 
mental situations, in which the electrodes are heavily 
doped and impurity scattering prevents the cyclotron mo- 
tion of electrode electrons. In the calculation we use a 
mesh where Nz= 87 and Nk = 72.4 The ky increment 6k,, 
is taken to be half of akl the k increment. The range of ky 
is taken to be - ( kf -t eBa/fi + Ak,) -c k,, < (kf 
+ e.Bb/+i + Ak,,), where kf is the Fermi wave vector and 
Ak,, is defined by +i2(Ak,J2/2m* = 5kBT. 
MECH 
KY = -0.269 1 /nm 
In Fig. 1, we present the integrated Wigner distribu- 
tion function G(Z,k) for the system at zero bias, with 
G(Z,k) = 1/2cSg(Z,k;k,,)dk,. The magnetic field is taken 
to be 20 T. The temperature is taken to be 300 K. For 
comparison, the Wigner function at zero magnetic field is 
also plotted. As shown in the figure, the Wigner distribu- 
tion at zero bias is not much distorted by the magnetic 
field. 
In Fig. 2, we present the integrated Wigner function 
G(Z,k) for the system biased at 0.3 V in a 20-T magnetic 
field. The temperature is taken to be 300 K. Also plotted is 
the quantity [G(Z,k;B=20 T) - G(Z,k;B=O T)]. Sub- 
stantial difference between the two distributions exists at 
this bias due to the magnetic effects. 
FIG. 5. The Wigner distribution functions g(Z,k;k,,) for the system at 
zero bias in a 10-T magnetic field, for two canonical momenta kr. The 
temperature is taken to be 300 K. The canonical momenta are taken to be 
such that the corresponding mechanical momenta Techare *0.269 
MI - I, respectively, before the electron enters the magnetic field. 
In Fig. 3, we plot the electron density profiles along the 
Z axis for the system biased at 0.3 V, for B = 0 T and 
B = 20 T, respectively. The temperature is taken to be 300 
K. In the B = O-T case, the bias prevents the occurrence of 
resonant tunneling and electrons rarely penetrate into the 
well, as witnessed by the low density of electrons there. 
However, in the B = 20-T case, the cyclotron motion alters 
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FIG. 6. J- V curves for several magnetic 
fields, namely, 0,4, 8, 10, 15, and 20 T. The 
temperature is taken to be 4.2 K. 
0.2 0.25 
Bias (VI 
electron momentum and induces resonant tunneling result- 
ing in a density increase in the well. 
In Fig. 4, we plot the electron density profiles along the 
2 axis for the system biased at 0.16 V, for B = 0 T and 
B = 20 T, respectively. The temperature is taken to be 300 
K. In the B = O-T case, the bias is suitable for resonant 
tunneling to occur and electrons penetrate easily into the 
well, as shown by the high density of electrons there. How- 
ever, in the B = 20-T case, the cyclotron motion modulates 
electron momentum and reduces resonant tunneling result- 
ing in a density decrease in the well. 
In Fig. 5, we present the Wigner distribution functions 
g(Z,k;k,,) for the system at zero bias in a 10-T magnetic 
field, for two canonical momenta ,$,. The temperature is 
taken to be 300 K. The canonical momenta are taken to be 
such that the corresponding mechanical momenta 
Techare AO.269 nm - ‘, respectively, before the electron 
enters the magnetic field. The figure shows that the distri- 
bution g(Z,&,) is not symmetric under the reflection 
kf;lmh --+ - Tech, due to the magnetic effects. This should 
happen because a magnetic field is known to break such 
symmetry. 
In Fig. 6, we present J - V curves for several magnetic 
fields, namely, 0, 4, 8, 10, 15, and 20 T. The temperature is 
taken to be 4.2 K. The figure shows that the valley current 
increases with the magnetic field. The reason for it is sim- 
ilar to that given in regard to the results shown in Fig. 3. 
At the valley current, the magnetic field induces resonant 
tunneling and increases the current. On the other hand, the 6 
0.164 - 
0.162 - 
0.16 - - 
s.22 O 0 
5” 0 
0.158 - 
FIG. 7. up, the voltage at peak current, as a 
function of magnetic field, for the J- V 
curves presented in Fig. 6. 
0 
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figure shows that the peak current decreases with the mag- 
netic field. The reason for it is similar to that given in 
regard to the results shown in Fig. 4. At the peak current, 
the magnetic field reduces resonant tunneling and de- 
creases the current. 
In Fig. 7, we plot up, the voltage at peak current, as a 
function of magnetic field, for the J- V curves presented 
in Fig. 6. As shown in the figure, up drops at first and then 
arises as the magnetic field increases. This trend does not 
follow a simple B2 dependence predicted by Eaves et al.,ll 
but is in agreement with the experimental results reported 
by Zaslavsky et al. l6 We note, however, while Zaslavsky et 
al. id included electron-electron interaction in their analysis 
of measured data, we did not in this calculation. We there- 
fore conclude that space-charge effects are not necessary 
for explaining the observed nonquadratic B dependence of 
VP 
IV. SUMMARY AND CONCLUSIONS 
We have generalized the Wigner formalism to include 
magnetic effects. We have applied it to a resonant-tunnel- 
ing diode under the action of an in-plane magnetic field. 
We have calculated the Wigner distribution functions, 
charge distributions, and tunnel currents. The magnetic 
field breaks the symmetry of the distribution function, and 
affects electron tunneling through the double-barrier struc- 
ture. It can enhance or hinder resonant tunneling through 
its effects‘on the electron momentum. This is reflected in 
the peak current decrease and in the valley current increase 
with the magnetic field. Moreover, the voltage up at the 
peak current is found to drop at first and then increase with 
the magnetic field in agreement with the experimental re- 
sults of Zaslavsky et al. I6 
Although we have presented only steady-state proper- 
ties, study of transient behavior is also interesting. By solv- 
ing the time-dependent transport equation, more dynami- 
cal properties of electron tunneling could be revealed. The 
calculation presented here is not self-consistent but can be 
extended to include electron-electron interaction in a self- 
consistent way. The inclusion of the self-consistency in the 
calculation is not expected to qualitatively alter the re- 
ported results since the electron-electron interaction is of 
the next-order importance compared to the quantum size 
effects of the structure. It will result in a nonuniform volt- 
age drop across the structure, shifting up, changing the 
peak-to-valley ratio of the current, and inducing the 
bistable features in the I-V curves. These will be the sub- 
jects of our future work. 
ACKNOWLEDGMENTS 
We would like to acknowledge the support of the Na- 
tional Science Council of The Republic of China through 
Contract No. NSC80-0417-E-007-13. We are grateful to 
K.-M. Hung for his technical help with preparing the 
graphs. 
‘F. A. Buot, J. Appl. Phys. 68, 3418 (1990). 
‘W. R. Frensley, Rev. Mod. Phys. 62, 764 (1990). 
3N. C. Kluksdahl, A. M. Kriman, D. K. Ferry, and C. Ringhofer, Phys. 
Rev. B 39, 7720 (1988). 
4K. L. Jensen and F. A. Buot, Appl. Phys. Lett. 55, 669 (1989). 
‘R. K. Mains and G. I. Haddad, J. Appl. Phys. 64, 5041 (1988). 
‘See, for example, E. Merzbacher, Quantum Mechanics (Wiley, New 
York, 1970). 
‘R. Tsu and L. Bsaki, Appl. Phys. Lett. 22, 562 (1973). 
‘N. C. Kluksdahl, A. M. Kriman, and D. K. Ferry, in High Magnetic 
Fields in Semiconductor Physics, edited by G. Landwehr (Springer, Ber- 
lin, 1989), p% 335. 
‘Y. Hsu and G. Y. Wu, J. Appl. Phys. 71, 304 (1992). 
“T. Ando, J. Phys. Sot. Jpn. 50, 2978 (1981). 
“I.. Eaves, K. W. H. Stevens, and F. W. Sheard, in 7’he Physics and 
Fabrication of Microstructures and Microdevices, edited by M. J. Kelley 
and C. Weisbuch, Springer Proceedings in Physics (Springer, Berlin, 
1986). Vol. 13, p. 343. 
12L. Brey, G. Platero, and C. Tejedor, Phys. Rev. B 38, 9649 (1988). 
13T. W. Hickmott, Solid State Commun. 63, 371 (1987). 
t4F. Ancilloto, J. Phys. C 21, 4657 (1988). 
“H. Cruz, A. Herandez-Cabrera, and P. Aceituno, J. Phys. Condensed 
Matter 2, 8053 (1990). 
“A. Zaslavsky, Y. Yuan, P. Li, D. C. Tsui, M. Santos, and M. Shayegan, 
Phys. Rev. B 42, 1374 (1990). 
i7L. A. Cury, A. Celeste, B. Gout&&, E. Ranz, and J. C. Portal, Super- 
lattices Microstruct. 7, 415 (1990). 
t*R. C. Kleinman and A. C. Gossard, Phys. Rev. B 29, 7085 (1984). 
1264 J. Appl. Phys., Vol. 71, No. 3, 1 February 1992 G. Y. Wu and K.-P. Wu 1264 
Downloaded 16 Jan 2012 to 140.114.195.186. Redistribution subject to AIP license or copyright; see http://jap.aip.org/about/rights_and_permissions
